A Mathematical Model for Selective Differentiation of Neural Progenitor Cells on Micropatterned Polymer Substrates by Howk, Cory L. et al.
Mathematics Publications Mathematics
2012
A Mathematical Model for Selective Differentiation
of Neural Progenitor Cells on Micropatterned
Polymer Substrates
Cory L. Howk
University of Iowa
Howard A. Levine
Iowa State University, halevine@iastate.edu
Michael W. Smiley
Iowa State University
Surya K. Mallapragada
Iowa State University, suryakm@iastate.edu
Marit Nilsen-Hamilton
Iowa State University, marit@iastate.edu
See next page for additional authors
Follow this and additional works at: http://lib.dr.iastate.edu/math_pubs
Part of the Applied Mathematics Commons, Developmental Biology Commons, Molecular and
Cellular Neuroscience Commons, and the Other Cell and Developmental Biology Commons
The complete bibliographic information for this item can be found at http://lib.dr.iastate.edu/
math_pubs/42. For information on how to cite this item, please visit http://lib.dr.iastate.edu/
howtocite.html.
This Article is brought to you for free and open access by the Mathematics at Iowa State University Digital Repository. It has been accepted for
inclusion in Mathematics Publications by an authorized administrator of Iowa State University Digital Repository. For more information, please
contact digirep@iastate.edu.
Authors
Cory L. Howk, Howard A. Levine, Michael W. Smiley, Surya K. Mallapragada, Marit Nilsen-Hamilton, Jisun
Oh, and Donald S. Sakaguchi
This article is available at Iowa State University Digital Repository: http://lib.dr.iastate.edu/math_pubs/42
A Mathematical Model for Selective Differentiation of Neural
Progenitor Cells on Micropatterned Polymer Substrates
Cory L. Howk*,a, Howard A. Levinea, Michael W. Smileya, Surya K. Mallapragadab, Marit
Nilsen-Hamiltonc, Jisun Ohd, and Donald S. Sakaguchid
Cory L. Howk: cory-howk@uiowa.edu
aDepartment of Mathematics, Iowa State University, Ames, IA 50011
bDepartment of Chemical and Biological Engineering, Iowa State University, Ames, IA 50011
cDepartment of Biochemistry, Biophysics and Molecular Biology, Iowa State University, Ames, IA
50011
dDepartment of Genetics, Development & Cell Biology and Biomedical Sciences, Iowa State
University, Ames, IA 50011
Abstract
The biological hypothesis that the atrocyte-secreted cytokine, interleukin-6 (IL6), stimulates
differentiation of adult rat hippocampal progenitor cells (AHPCs) is considered from a
mathematical perspective. The proposed mathematical model includes two different mechanisms
for stimulation and is based on mass-action kinetics. Both biological mechanisms involve
sequential binding, with one pathway solely utilizing surface receptors while the other pathway
also involves soluble receptors. Choosing biologically-reasonable values for parameters,
simulations of the mathematical model show good agreement with experimental results. A global
sensitivity analysis is also conducted to determine both the most influential and non-influential
parameters on cellular differentiation, providing additional insights into the biological
mechanisms.
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1. Introduction
Adult neural stem and progenitor cells hold great promise for the possible repair of the
damaged and diseased nervous system due to their potential to proliferate and to
differentiate into neurons and glial cells (oligodendrocytes and astrocytes) [3, 12, 54]. It is
due to this potential that we would like to better understand the mechanisms of selective
differentiation of these cells into neurons. Previous in vitro research on adult rat
© 2012 Elsevier Inc. All rights reserved.
Correspondence to: Cory L. Howk, cory-howk@uiowa.edu.
*Present Address: Department of Obstetrics and Gynecology, University of Iowa, Iowa City, Iowa, 52242.
Publisher's Disclaimer: This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to our
customers we are providing this early version of the manuscript. The manuscript will undergo copyediting, typesetting, and review of
the resulting proof before it is published in its final citable form. Please note that during the production process errors may be
discovered which could affect the content, and all legal disclaimers that apply to the journal pertain.
NIH Public Access
Author Manuscript
Math Biosci. Author manuscript; available in PMC 2013 August 01.
Published in final edited form as:
Math Biosci. 2012 August ; 238(2): 65–79. doi:10.1016/j.mbs.2012.04.001.
N
IH
-PA Author M
anuscript
N
IH
-PA Author M
anuscript
N
IH
-PA Author M
anuscript
hippocampal progenitor cells (AHPCs) has shown that neural progenitor cells are responsive
to molecular cues provided by astroytes [2, 50, 52]. Among these cues is the secreted
cytokine interleukin-6 (IL6). In this manuscript we focus on the construction and analysis of
a mathematical model for a set of in vitro experiments related to hippocampal neurogenesis
[37, 38, 41]. The biological experiments simulated in this manuscript explored various
mechanisms of communication between AHPCs and hippocampal astrocytes. We derive a
system of ordinary differential equations for known IL6 signaling mechanisms and
demonstrate that they are sufficient to explain many of these recently reported biological
results.
The production of new neurons is principally localized to two regions of the mammalian
brain: the subventricular zone [1] and the dentate gyrus of the hippocampus [11]. Adult
neural progenitor cells residing in these neurogenic regions, along with the local cellular and
molecular components, comprise a “neural stem cell niche”. Cellular components of the
hippocampal neurogenic niche include the adult progenitor cells, astrocytes, neurons and
endothelial cells residing within the dentate gyrus. These species form a unique cellular
environment that controls hippocampal neurogenesis. The interactions of these hippocampal
astrocytes with the adult neural progenitor cells is crucial for neurogenesis [50, 52]. They
produce signals that promote proliferation, neuronal differentiation, and stimulate
synaptogenesis of newborn neurons [2, 52]. Furthermore, astrocytes from non-neurogenic
regions do not promote neurogenesis, suggesting that regional specific differences in
astrocyte populations provide a means to generate unique sets of signals that are important
for maintaining neurogenesis [2, 52].
Recent in vitro studies using AHPCs have helped provide a better understanding of the role
of astrocytes in adult hippocampal neurogenesis. AHPCs are self-renewing, multipotent
neural progenitors that have the ability to differentiate into both neurons and glial cells. The
experiments performed by Recknor et.al. [41] and Oh et.al. [37, 38] examined various
mechanisms of communication between AHPCs and hippocampal astrocytes. Four of these
experimental conditions are summarized in Table 1. Each experiment involved cells seeded
on a laminin-coated micropatterned polymer substrate where one half of the plate was
smooth and the other half etched with parallel grooves. The first table entry shows the
results of a control experiment with AHPCs cultured alone on the laminin, demonstrating a
certain level of astrocyte-independent (background) differentiation. The second shows those
of a contact co-culture where astrocytes were plated on the laminin and AHPCs were
applied to the astrocytes. This experiment demonstrated that co-culture facilitates selective
neuronal differentiation of AHPCs, possibly involving cell-cell and/or cell-extracellular
matrix interactions in addition to soluble factors. This spatial and temporal control for
selectively enhancing neuronal differentiation is commonly observed in neuronal
development [7, 39]. The third shows results from a noncontact co-culture where AHPCs
were plated on the laminin with a Transwell semi-porous membrane insert separating
AHPCs from astrocytes. The membrane allowed communication by soluble factors but
prevented direct contact. Neuronal differentiation was dramatically increased above contact
co-culture levels, indicating the importance of soluble factors in neuronal differentiation.
The last entry corresponds to a conditioned-media experiment where AHPCs were plated on
the laminin and astrocytes were cultured separately. Every 24 hours the media from the
astrocyte culture was fed to the AHPC culture, allowing the transfer of secreted molecules
but preventing communication between the cell types. The results presented in Table 1 show
the percentage of AHPCs expressing TUJ1 (class III β-tubulin) after 6 days. TUJ1 is an
early neuronal marker indicating that these cells have begun to differentiate into neurons.
Efforts have been made to identify the potential soluble factors responsible for the selective
neuronal differentiation of AHPCs. One molecule of interest that has been identified is the
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cytokine interleukin-6 (IL6) [2, 37, 38, 41, 52]. IL6 has been found to have a myriad of
biological functions [14]. For example, it is involved in modulating both hematopoiesis and
immune function [24]. It also appears to be important for the central nervous system (CNS)
response during injury and disease [42]. During CNS development IL6 may play an
important role in regulating neurogenesis [35], cell survival [57], process outgrowth [21],
synaptogenesis [17, 59] and astrocyte function [32]. Studies have shown that IL6 was
expressed at higher levels in astrocytes from regions of the brain (newborn and adult
hippocampus, and newborn spinal cord astrocytes) supportive of neurogenesis [2] and that
IL6 could promote differentiation of hippocampal neural progenitor cells into neurons [2,
38].
In this paper the hypothesis that astrocyte-secreted IL6 stimulates differentiation of the
AHPCs is considered. A mathematical model is proposed that includes two different
biological mechanisms for this stimulation. One utilizes ligand binding to surface receptors
on an AHPC, while the other involves binding to soluble extracellular receptors. The model
is based on reaction kinetics and is described in Section 2. Section 3.1 compares simulation
results with experimental results. Choosing biologically-reasonable values for parameters,
simulations with the model show good agreement with experimental results, indicating that
an IL6-mediated mechanism is sufficient in explaining many experimental results.
Moreover, the simulations suggest that (1) in the absence of direct contact, the secretion
rates of IL6 and its soluble receptor sIL6Rα from hippocampal astrocytes are not altered
through the action of soluble paracrine factors communicating between the astrocytes and
AHPCs; (2) the surface IL6 receptor is a limiting factor in the surface receptor pathway, in
that saturating these receptors results in only 35% differentiation over a six day period; (3)
contact between astrocytes and AHPCs likely alters TUJ1 expression via mechanisms more
complex than simply inducing a decrease in the expression of mRNA for, or the secretion
rate of, IL6 and its soluble receptor sIL6Rα. All simulations for time course data in this
manuscript were performed in Fortran 90 using the Classical Fourth Order Runge Kutta
Method, with the corresponding graphics generated in Matlab.
It is well-known that one of the most challenging features of molecular biological modeling
lies in determining parameter values. Some of the values used in the simulations were found
in the literature, but not all. To identify both the most influential and non-influential
parameters in the model as measured by their effect on the specific output of interest,
namely the percentage of differentiated cells after six days, a detailed sensitivity analysis
was conducted. The results are reported in Section 3.2 and show that many of the most
influential parameters, causing the highest amount of uncertainty, are recorded in the
literature. However, some of the most influential unknown parameters are involved with the
production or decay of an as yet undetermined intracellular differentiation factor that results
from a hypothesized signaling cascade, and as such the intracellular mechanism leading to
differentiation should be studied in more detail.
Both signaling pathways involve the surface transmembrane receptor gp130. This is a
common receptor used in many signaling mechanisms [13]. A soluble analog of this
receptor, sgp130, has the potential to inhibit these mechanisms when they utilize soluble
receptors. One surprising result of the sensitivity analysis is that this biological inhibitor
does not significantly affect the level of differentiation occurring via these IL6 mechanisms
over a six day period, when it is present at biologically reasonable values. This is a testable
hypothesis and will be an area of future research.
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2. Methods
2.1. Derivation of the Model System
Differentiation is a multistep process, initiated by an initial progenitor cell, whereby
subsequent generations of cells become more highly specialized as the lineage traverses a
differentiation pathway. This process entails the expression of proteins and the exhibiting of
behaviors common to the fully-differentiated cell-type. Mathematical models of
differentiation typically include many species, representing stem cells, various forms of
partially differentiated cells, and the fully-differentiated cell-type [9, 27, 30, 53]. The
proliferative behavior of cells in one of the partially-differentiated states may be under the
influence of feedback regulation by cells at other positions of the differentiation pathway.
Some models simplify this framework with a three species model, substituting one transit-
amplifying (TA) stage to represent partially-differentiated cells. These models commonly
incorporate an age structure to the TA stage to represent the passage through multiple stages
[4, 10, 22, 28, 56]. In our model, we are concerned solely with the initiation of
differentiation and therefore only include two species: the initial progenitor cells and TUJ1-
expressing cells. TUJ1 is an early neuronal marker, indicating that the cell has begun to
differentiate.
In the cell culture systems under consideration it is hypothesized that the cytokine IL6,
secreted by astrocytes, stimulates differentiation of the AHPCs. The hypothesized IL6
intercellular signaling pathway [16, 23, 25, 32, 40, 55] utilizes sequential binding to two
receptors. First IL6 undergoes a low affinity binding to an IL6 receptor forming a complex.
This complex then undergoes a high affinity binding to a glycoprotein 130 receptor
homodimer (gp130). This can occur through two related pathways. One pathway utilizes
ligand binding to surface receptors on the AHPC, while the other pathway involves binding
to an extracellular soluble receptor. In both cases a tetrameric complex is formed by the high
affinity binding to a gp130 receptor on the cell surface, which activates a signal transduction
cascade in the target cell that utilizes cytosolic signaling molecules [25], for example a JAK/
STAT signal transduction cascade.
The proposed model involves both chemical and cellular entities which are summarized in
Table 2. All of the soluble chemical concentrations have units of nmol/mL, the
concentrations of surface receptors and intracellular molecules have units of nmol/cell, and
the cell densities have units of cells/cm2. The IL6 mechanism is illustrated in the “wiring
diagram” in Figure 1. Following the surface receptor pathway in the diagram, IL6 (Ai) first
binds to an IL6 receptor ( ) on the surface of an AHPC, forming the complex As. This
complex then binds to the surface gp130 homodimer ( ), initiating a signal
transduction cascade. This cascade leads to the production of the intracellular molecule J
whose existence is hypothesized. In accordance with their biological activities, Ai may be
called “inactive IL6” and As “surface (activated) IL6”. These reactions can be summarized
as
(1)
Following the soluble receptor pathway in the diagram, IL6 (Ai) first binds to the soluble
IL6 receptor (Ril). This soluble receptor corresponds to the extracellular domain of the IL6
surface receptor. It can be formed either by cleaving off the extracellular portion of the
surface receptor, or via alternative splicing of the mRNA for  [29, 32, 36]. The soluble
complex Aa, formed by the binding of IL6 with the soluble receptor, can be referred to as
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“activated IL6” since it can bind directly to , initiating the signal transduction cascade
producing J. These reactions can be summarized as
(2)
Competitive inhibition of the soluble receptor pathway can occur through the reaction
(3)
in which the activated IL6 (Aa) binds to the soluble form of the gp130 receptor (Gp),
forming the complex Ao. Ao can be termed “inhibited IL6” since it is not bound to the cell
membrane and hence cannot initiate an intracellular signal transduction cascade. However,
Gp is not an antagonist to the surface receptor pathway as steric hinderance prevents Gp
from associating with As [23]. The soluble gp130 receptor can be formed in a similar
fashion as the soluble receptor Ril [8, 23, 32]. The kinetics of the above reactions lead to a
system of eleven differential equations for the nine chemical species given in Table 2 and
the two tetrameric complexes , . This system, which is derived via
mass action kinetics and recorded in Appendix A, is augmented and modified as follows.
Hippocampal astrocytes have been shown experimentally to secrete IL6 [2, 38]. In this
model it is hypothesized that astrocytes also secrete the two soluble receptors sIL6Rα and
sgp130. The production and degradation of the soluble proteins, along with the degradation
of the intracellular molecule J, are assumed to satisfy the rate laws
(4)
where Na denotes the density of astrocytes and Sai(t), Sil(t), Saa(t), Sgp(t), and Sao(t) are
possible source terms. The astrocyte density Na and the source functions Sz(t) are chosen
according to experimental conditions. For example, if there are no astrocytes present (as in
the control experiment or in the conditioned media experiment), then Na = 0. In the latter of
these two cases, the source functions would be used to model the daily treatment of
astrocyte conditioned medium. For example, they could be written as
(5)
where  are the times at which the astrocyte-conditioned medium is introduced into the
culture, with Z0 being the concentration of the protein Z present in the conditioned medium.
This is the only experiment in which the source functions Sil(t), Saa(t), Sgp(t), and Sao(t) are
taken to be not identically zero. Sai(t) will be nonzero for both the conditioned media
experiment and the IL6 dose-response experiments which were conducted in [38] to
determine certain parameters in the model, as described in Section 3 and illustrated in Table
3.
It is hypothesized within this simplified mechanism that the initiation of differentiation of
the AHPC is a direct response to the concentration of J, an intracellular molecule produced
in response to the IL6 signaling mechanism. A more thorough accounting of the cytosolic
mechanism is presented in [51] for the case where the target cell is a hepatocyte. This
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system incorporates both JAK/STAT and MAPK pathways, potentially with cross-talk, both
initiated by IL6 signaling. However, as our system is neuronal, it is unknown whether this
system incorporates JAK/STAT, MAPK, or both. Since our manuscript focuses on the
extracellular interactions, we use a simplifying approximation where the IL6 signaling
results in the production of an intracellular differentiation factor J. These models are
complementary in that they may be combined to potentially gain a more complete
understanding of the mechanism, provided the validity of employing the hepatocyte system.
The function governing the rate of IL6-induced differentiation is taken here to be sigmoidal
under the assumption that a certain threshold of J must be reached to have any appreciable
level of differentiation and that there is a maximal rate at which AHPCs differentiate. Thus
the rate of differentiation of an AHPC is taken to be  for some empirically
determined constants κ1 and κ2. However, since J is produced through the IL6 mechanism
alone in this mathematical model, but differentiation occurred during the control experiment
where there were no astrocytes present to produce IL6, a certain level of background
differentiation must be included. The rate of background differentiation is taken to be
proportional to the density of progenitor cells. Finally, since the experimental conditions we
are attempting to simulate were in vitro experiments performed on a 1 cm2 plate, we include
a standard logistic growth term with carrying capacity Nmax to account for resource
limitations on the proliferation of progenitor cells.
As part of our modeling strategy we assume that surface receptors act in a fashion similar to
enzymes in that they take a substrate (IL6) and convert it to a product (J). Numerical
simulations indicate that the concentrations of the surface receptor complexes [ ],
[As], and [ ] quickly come to equilibrium with the other species in the system. In
accordance with the Michaelis-Menten hypothesis (see Appendix B for more details), we
assume that the time rates of change of these complexes are small,
Superimposing all of the above effects, and adding two equations for cell dynamics, yields
our model system for IL6-induced differentiation of AHPCs:
(6)
with AHPC receptor concentrations given by
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(7)
where
(8)
Recall that [J] is measured in units of nmol/cell. The appearance of the logistic term in the
equation for [J] is a consequence of its division among daughter cells during proliferation.
The role of proliferation in this regard is discussed in Appendix B. Initial conditions must
accompany this system. Under the assumption that there are no cytokines present initially,
and that the only cell population present initially are the undifferentiated AHPCs (and
possibly astrocytes), the initial conditions are taken to be
(9)
2.2. Notes on Spatial Considerations
The biological experiments occurred on two different configurations of the same substrate.
The substrates were designed such that one-half of the polystyrene surface was smooth (or
nonpatterned), and the other half was patterned with parallel grooves etched into the plate
[37, 41]. These polystyrene substrates were then coated with the extracellular matrix
molecule laminin. The laminin serves to facilitate cellular adhesion to the polystyrene
surface.
For simulations of the experiments performed on the nonpatterned half of the substrate, a
spatial model would consider activity over a two-dimensional region [0, Lx] × [0, Ly].
However, it can be claimed that use of a purely kinetic model will suffice due to the spatial
homogeneity of all species involved. In each experiment, AHPCs were plated uniformly and
astrocyte density was either uniform or nonexistent. It had been observed that there was little
to no movement of the cell bodies of either the AHPCs or the astrocytes during these
experiments. All molecules present on the nonpatterned substrate were therefore either
added uniformly by adding homogeneous cultured media to the system, or they were
secreted by the astrocytes which were present in a uniform density, again causing the
addition of chemicals to be uniform.
Now consider the simulations of the experiments performed on the patterned half of the
substrate. When astrocytes were not present on the substrate (i.e. all but the contact co-
culture experiment), all chemicals were again added to the system uniformly as described
above. Moreover, there was little to no cell movement occurring. Hence the uniform layer of
AH-PCs plated on the substrate remained uniform. By the same reasoning as in the smooth
substrate experiments, it can be argued that the kinetic model will suffice for the analysis.
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Note also that for the experimental data in Table 1, the same percentage of cells
differentiated regardless of whether the experiments occurred on the patterned or
nonpatterned substrate.
This reasoning no longer holds for the contact co-culture on the patterned substrate due to a
possible heterogeneous component. In this experiment, a uniform layer of astrocytes was
applied to the laminin at a density of 1.5 × 104 cells/cm2 and cultured for two days. After
this period of time it was found that the astrocytes aggregated in the grooved regions,
roughly forming a monolayer over the substrate. The AHPCs were then plated above the
astrocytes in direct contact with them. Hence AHPCs in some regions were possibly
exposed to different concentrations of active molecules than AHPCs in other regions.
However, the diffusion of the soluble molecules during the numerical simulations of the
corresponding spatial model occurred at such a rate that their concentrations appeared to be
roughly uniform for all time. Since there was no directed cellular movement occurring we
considered the corresponding kinetic model, which produced identical results.
2.3. Parameters Determining the Rate of Differentiation
There are three parameters in the model that determine the rate of differentiation: ε, κ1, andκ2. The rate of background differentiation is represented by ε, and the parameters κ1 and κ2
determine the sigmoidal response to the intracellular molecule J. In the control experiment a
monolayer of AHPCs was applied to the laminin-coated substrate at a density of 1.5 × 104
cells/cm2. No astrocytes were added to the system. There was no IL6 entering this system as
the AHPCs produce little IL6 [38], so the only differentiation occurring was due to the
background mechanism. The system of ODEs in this case reduces to
(10)
with initial conditions Np(0) = 1.5 × 104 and Nd(0) = 0. A value in the literature [34] was
available for the cell growth parameter, M1 = .0213 hr−1. To fit the experimental data, the
coefficient governing background differentiation was chosen as ε = .0026 hr−1. This choice
of ε results in 19.2% of the cells expressing TUJ1. The time course simulation is shown in
Figure 2.
To determine the parameters κ1 and κ2, a set of IL6 dose-response experiments were
performed [38]. In these experiments, AHPCs were cultured on a laminin coated substrate in
the absence of astrocytes. However, fresh media containing various concentrations of IL6
was added every 48 hours for six days. A significant increase in the percentage of AHPCs
expressing TUJ1 was observed for the experiments where IL6 was added at concentrations
at or greater than 0.1 ng/mL. Furthermore, the effect of IL6 was specific for neuronal
differentiation (TUJ1) as no change in glial cell differentiation was observed under these
conditions. The responses to each of the experimental concentrations are given in the second
row of Table 3.
In these experiments differentiation was only occurring via the surface receptor pathway and
the background mechanism. The system of ODEs describing this situation is given by
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(11)
with initial conditions [Ai]0 = 0, [J]0 = 0, Np(0) = 1.5 × 104, Nd(0) = 0, and receptor
concentrations
(12)
where
(13)
with L, L̂, K̂, and η defined in (8).
Given a choice of the constants κ1 and κ2 and a treatment concentration of 10−6+ing/mL for
some i ∈ {1, …, 8}, a simulation of the above system produces a value  that is the
simulated percentage of differentiated cells after six days. Let  denote the percentage of
differentiated cells after six days determined experimentally, with the same treatment level.
Using a least-squares approach an optimum pair {κ1, κ2} was sought that would minimize
(14)
over an appropriate set Ωκ of values for κ1 and κ2. Using a trial and error approach an initial
point (κ1, κ2) ∈ Ωκ was found with the aid of the modeling program Berkeley Madonna.
This initial point was then refined by using the Metropolis algorithm [43]. Since the
dependence on (κ1, κ2) is nonlinear this approach was used to avoid becoming trapped near
a local minimum of ε(κ1, κ2). Briefly described, a direction of movement from the current
estimate of a minimizer (κ1, κ2) is chosen randomly and a new estimate of a minimizer
( ) is generated by a move in that direction. If  the new estimate is
accepted, otherwise it is accepted with probability  for some predetermined u ∈
(0, 1). Thus choices that move “up hill” are sometimes accepted. The optimizing values of
{κ1, κ2} found in this way produced the simulation results recorded in the last row of Table
3, and are given in Table 4.
Time course simulations for (11-13) are shown in Figure 3. The time course of the
concentration of occupied IL6 surface receptors, given by , in comparison
to the total concentration of IL6 surface receptors, given by , is shown in Figure 4. This
figure illustrates that the  receptors are saturating as the concentration of available IL6
increases, resulting in the plateau effect observed in Table 3.
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3. Results and Discussion
3.1. Comparison to Experimental Results
3.1.1. Noncontact Co-culture—In this experiment, a uniform layer of AHPCs was
applied to the laminin at a density of 1.5 × 104cells/cm2. A uniform layer of astrocytes, also
at a density of 1.5 × 104cells/cm2, was held above the AHPCs in an insert that allowed
diffusion of most molecules but prevented direct contact between AHPCs and astrocytes.
IL6 signaling could occur through both pathways. The surface receptor pathway was seen
earlier to be limited by . However, the soluble receptor pathway does not use . The
time course simulation is shown in Figure 2. The percentage of cells that have differentiated
after six days is found to be 66.3% from the simulation. This is a similar increase from the
control as is seen experimentally, where 73-75% of cells differentiated.
3.1.2. Conditioned Media—In this experiment, a uniform layer of AHPCs was applied to
the laminin at a density of 1.5 × 104cells/cm2. Astrocytes, also at a density of 1.5 × 104cells/
cm2, were cultured separately. Every 24 hours the media from the astrocyte culture, now
containing astrocyte-secreted factors, was removed and added to the AHPC culture. The
concentrations of soluble factors in this astrocyte-conditioned media are given by the
solution of
(15)
with initial conditions [Ai]0 = [Aa]0 = [Ao]0 = [Ril]0 = [Gp]0 = 0. Using the same secretion
rates as for the noncontact co-culture, the simulation results in 39% of the cells expressing
TUJ1. This is a similar decrease from the noncontact co-culture as is seen experimentally,
where 38-41% of cells differentiated. One explanation for this result is that there are no
soluble paracrine factors communicating between the astrocytes and AHPCs that affect the
secretion rates for the active proteins Ai, Ril, and Gp by any appreciable amount. The time
course simulation is shown in Figure 2.
3.1.3. Contact Co-culture – Smooth Substrate—A uniform layer of astrocytes was
applied to the laminin on the nonpatterned substrate at a density of 1.5 × 104cells/cm2 and
cultured for two days. A uniform layer of AHPCs was then applied to the astrocytes at a
density of 1.5 × 104cells/cm2. This experiment differed from the noncontact co-culture
experiment only in that the AHPCs and astrocytes were in direct contact. This direct cell-cell
contact may include binding by cadherins or other cell adhesion molecules (CAM) on the
surface of these cells.
The AHPCs express a number of functional integrin receptor subunits [20]. Integrin binding
has the potential to trigger a number of varied responses. Among these possible responses
are: altered expression of mRNA for either soluble molecules or surface receptors, altered
secretion of soluble molecules, regulation of an AHPC’s response to J, or even secretion of
proteases for  or . We do not claim to have identified the biological response to
contact in this system. We instead examine whether altered secretion rates of the soluble
molecules (a1, ba, and sa) are sufficient to simulate experimental results.
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One may hypothesize that contact induces an increase in secretion of the inhibitor Gp,
leading to decreased differentiation. However, it will be shown during the sensitivity
analysis (Section 3.2) that varying the secretion rate of the inhibitor Gp within biologically
reasonable ranges does not affect the level of differentiation. To determine how to vary the
other two secretion rates, it is important to understand the biological behavior of this system.
The experimental values for differentiation on smooth and patterned substrates were 20%
and 35% respectively. These are approximately the same values as the minimum and
maximum achieved during the IL6 dose-response experiments (Table 3). During those
experiments, only the surface receptor pathway was active. Hence we set ba = 0. To achieve
less than 23% differentiation on the smooth substrate via this mathematical model, the
parameter a1 must then be reduced to less than . This is (1/200)th of the rate
observed when astrocytes are not in contact with AHPCs. The time course simulation is
shown in Figure 2. Note that if ba > 0, then a1 must be reduced by an even greater amount.
Although a contact-dependent negative feedback mechanism may regulate the production of
IL6 and sIL6Rα, the magnitude to which they must be decreased to simulate the biological
behavior indicates that a more complicated mechanism may be involved.
3.1.4. Contact Co-culture – Patterned Substrate—To simulate the contact co-culture
results on the nonpatterned substrate via decreased secretion rates, the rate of secretion of Ai
must be set to less than (1/200)th of its noncontact rate while the secretion of Ril must be
completely inhibited (ba = 0). Since this behavior occurred during direct contact, it could
possibly be mediated by CAM or cadherin binding. On the patterned substrate, much of the
astrocyte density was within the grooves. The area of the astrocytes accessible to the AHPCs
was decreased relative to that available on the nonpatterned substrate. Therefore there would
have been less binding, so it would be reasonable to assume that the secretion of Ai was not
reduced as drastically on the patterned substrate. Figure 2 shows that if a1 is lowered to
(1/20)th of its noncontact rate, then we can achieve approximately 35% differentiation after
six days. Note however that since the soluble receptor pathway is inactive, the experimental
result can be simulated without altering a1.
3.2. Global Sensitivity Analysis
The previous section illustrates the capability of an IL6-mediated mechanism to simulate
recent experimental results, based on parameter values found in the literature and
biologically reasonable values for those not found in the literature. In this section we
examine the influence of variation in these parameters on the output of the mathematical
model (the percentage of cells that have differentiated after six days). This is accomplished
through a global sensitivity analysis whereby one varies multiple parameters simultaneously
throughout specified parameter distributions. The goal is to identify both the most influential
and non-influential parameters via their effects on the output.
The results of a global sensitivity analysis exhibit a dependence on both the model structure
and the ranges of parameters chosen for the analysis. The structure of system (6-8) is
consistent with basic mass action representations of the accepted biochemical interactions
occuring between the secreted proteins, and has been shown to simulate all experimental
behaviors under consideration. We therefore examine the sensitivity of the biochemical
parameters in the context of this model structure. The parameters can be divided into five
groups: decay rates, secretion rates, dissociation constants, kinetic rates, and receptor/cell
densities. An exploration of the effects of parameter ranges on the results of the SA is
performed through parameter variation within two separate parameter spaces. The first can
be considered the “full” parameter space. It consists of wide ranges for each parameter,
using either uniform or log uniform distributions, depending on the size of the interval. The
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intervals are determined through an analysis of values present in the literature. The second is
a more local parameter space. It consists of varying each parameter with a normal
distribution whose mean is it’s nominal value (those recorded in Table 4), with a standard
deviation equal to one-sixth of it’s mean. Sensitivity coefficients are generated using the
eFAST method [5, 6, 31, 44-48], which is summarized in Appendix C. The eFAST method
allows one to decompose the variance in an output of interest among the k input parameters
being varied. The main effect (Si) of parameter xi is the percentage of variance attributed
solely to variations in xi, and the total effect (STi) is the percentage of variance attributed to
variations in xi and its interactions with other parameters. Sensitivity indices which were
found to be significantly different from a dummy parameter are listed in Tables 5-11 in the
form Si/STi. Second-order interaction effects between parameters are examined [60] in an
attempt to more completely understand the important influences within this model structure.
Due to the myriad of interaction effects observed when varying all parameters
simultaneously, we also perform partially-global analyses whereby we vary parameters
within a specific group while holding all others at their nominal values.
3.2.1. Decay Rates—In the analysis described in this subsection, the decay rates were
varied simultaneously while all other parameters were kept constant at their nominal values.
In the full parameter space, all decay rates were assigned a uniform pdf over [.1155, .6931]
hr−1. This corresponds to varying the half-lives between values of 1 hour and 6 hours, a
range consistent with values provided in [15, 26, 33]. In the more local parameter space, the
decay rates were varied according to normal distributions with mean values of .173,
corresponding to a half-life of 4 hours. eFAST sensitivity coefficients are presented in Table
5.
Three decay rates are found to have a significant influence on the output: μai, μil, and μj.
The parameter μaa could also be suspected to also have a significant effect, however it
appears to be negligible. In the full space, significant second order effects were detected for
interactions between {μai, μil}, {μai, μj}, {μil, μj}, and {μaa, μj}, with the strongest effects
detected for {μai, μj} and {μil, μj}. The only effect identified for the local parameter space
was {μai, μil}, an interaction between the decay rates for the soluble molecules that bind to
form activated IL6.
The most influential of these parameters is μj, the decay rate of the intracellular molecule
that results in the differentiation of AHPCs. Most of the variance in the output can be
attributed to this parameter. This is reasonable considering this molecule is directly involved
with differentiation in this model. The parameters associated with the inhibitor sgp130, μgp
and μao, do not appear to have a significant influence on the output.
3.2.2. Production Constants—This subsection describes the result of varying the
secretion rates simultaneously. These are the rates at which astrocytes secrete IL6 (a1),
sIL6Rα (ba), and sgp130 (sa). All other parameters were kept constant at their nominal
values. In the full parameter space, all secretion rates were assigned a log uniform pdf over
. A log uniform distribution was chosen to prevent
undersampling of the region [1 × 10−12, 1 × 10−11], which is an area with a significant effect
when tested around the nominal values. This range corresponds biologically to astrocytes
secreting between 600 and 600,000 of each of these molecules per cell per hour, a range
consistent with values provided in [19, 38]. In the more local parameter space, the secretion
rates were varied according to normal distributions centered around their nominal values.
eFAST sensitivity coefficients are presented in Table 6.
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Two secretion rates have a significant effect on output: a1 and ba. Both of these parameters
appear to be equally influential, since equal percentages of the variance in output can be
attributed to each. Significant second order effects were also detected for the interaction
between these two production rates which is expected since the two molecules being
produced bind to form activated IL6. The parameter for the secretion rate of the inhibitor
sgp130, sa, does not appear to have a significant effect on the output.
3.2.3. Dissociation Constants—This subsection describes the result of varying the
dissociation constants simultaneously. These parameters each determine the binding affinity
between ligands and their respective receptors. The dissociation constant is a measure of
how tightly they bind, and is approximately equal to the concentration of ligand at which
half of the receptors are bound to the ligand and the other half remains unbound. Low values
for the dissociation constant signify a tight binding, while higher values indicate that the
ligand can more easily dissociate from its receptor. All other parameters were kept constant
at their nominal values. In the full parameter space, all dissociation constants were assigned
a log uniform pdf over [1 × 10−6, 1 × 10−1] μM, a range that encompasses all values
discussed in [49]. A log uniform distribution was chosen to establish an even sampling of all
orders within this range since some of the dissociation constants have been found
experimentally to be in the range of 10-100 pM, while others have been found to be 10-100
nM. In the more local parameter space, the dissociation constants were varied according to
normal distributions centered around their nominal values. eFAST sensitivity coefficients
are presented in Table 7.
Two dissociation constants were found to have a significant effect on output in both
simulations: Ld and Vd. Ld governs the binding of IL6 to its soluble receptor sIL6Rα to
form activated IL6. This activated IL6 binds to the gp130 receptor dimer on the AHPC to
initiate signal transduction via the soluble receptor pathway, with this binding governed by
the dissociation constant Vd. When varied with a normal distribution around their nominal
values, both of these parameters appear to be equally influential since equal percentages of
the variance in output can be attributed to each parameter. However, when varied over the
wider log-uniform distribution, Vd appears to be more influential. In addition, over the log-
uniform distribution  and , the dissociation coefficients involved with the surface
receptor pathway, appear to have a slightly significant effect on the output. However, much
less of the variance in the output can be attributed to these parameters in comparison to Ld
and Vd. The parameter interaction {Ld, Vd} was observed to be significant for both
parameter spaces. Four other significant interactions were detected for the full parameter
space: {Ld, }, {Ld, }, { , Vd}, and { , Vd}. Note that each of these second order
effects incorporates one of the dissociation constants involved in the soluble receptor
pathway.
Altering binding strength for the soluble receptor pathway causes much more variability in
differentiation than altering binding strength for the surface receptor pathway. These results
suggest that the soluble receptor pathway has a much stronger effect on the differentiation of
AHPCs than the surface receptor pathway. The dissociation constant Kd, governing the
binding of activated IL6 (Aa) to its inhibitor (sgp130), does not appear to have a significant
effect on the output.
3.2.4. Kinetic Rates—This subsection describes studies in which the kinetic rates were
varied simultaneously. These rates are measurements of how fast the reactions occur. For
reversible reactions, kinetic rates appear in pairs; for example, ℓ1 is the rate for Ai binding to
Ril to form the complex Aa, while ℓ−1 is the rate for the dissociation of Aa into its constituent
parts Ai and Ril. They are related through the dissociation constant; for example, Ld = ℓ−1/ℓ1,
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or equivalently, ℓ
−1 = Ldℓ1. Experimentally it is much easier to measure the dissociation
constant than it is to measure these rates separately.
Since all other parameters were held constant at their nominal values, including the
dissociation constants, only one rate constant from each pair was varied explicitly for the
sensitivity analysis. Changing this one parameter had the effect of simultaneously changing
the rate constant for the alternate direction due to the fixed dissociation constants. Therefore,
in reality, these sensitivity coefficients are not necessarily measures of the sensitivity solely
to those parameters in the table (ex. ℓ
−1). Instead, it is a measure of the sensitivity to the pair
of rate constants (ex. ℓ
−1 and ℓ1). However, note that ℓ̂2 and ν2 are rates from irreversible
reactions, and as such the sensitivity to each of these parameters is due solely to these
parameters.
In the full parameter space, all kinetic rates were assigned a log uniform pdf over [1 × 10−3,
1 × 10+3] hr−1. A log uniform distribution was chosen to get an even sampling of all orders
within this range. In the more local parameter space, the kinetic rates were varied according
to normal distributions centered around their nominal values. eFAST sensitivity coefficients
are presented in Table 8.
From varying the parameters locally around their nominal values using normal distributions,
two parameters appear to be the most important: ν2 and ℓ̂2. These are the two parameters
governing the rates of the final reactions in the two pathways, the production of the
differentiation factor J.
An interesting situation occurs when considering the larger parameter space. The parameter
k̂
−1, which governs the binding of inactivate IL6 (Ai) to the surface  receptor, accounts for
a majority of the variance in the output. When local distributions were considered, the
system did not show sensitivity to this parameter. This indicates that there is a range of high
sensitivity to this parameter, although it is farther from the mean than the areas that the
normal distributions sample heavily. This result is expected, since this parameter governs
the rate of Ai binding to the cell. If it becomes too high, the surface receptor pathway is
essentially shut off. The IL6 that would be saturating the surface receptor  is now free to
act via the soluble receptor pathway, which does not utilize . This result indicates that this
parameter should be studied in more detail to try to reduce the uncertainty in it’s value.
Finally, note that in both parameter spaces, the parameter pair (k
−1, k1), governing the rate
of binding of activated IL6 to its inhibitor sgp130, does not appear to be significant.
Although no significant second order interactions were detected for the local parameter
space, six were detected for the full space: {ℓ
−1, k̂−1}, {ℓ−1, ν−1}, {ℓ−1, ν2}, {ℓ̂2, ν−1}, {ℓ̂2,ν2}, and {ν−1, ν2}. Note that all of these interactions include parameters from the soluble
receptor pathway, with all but one incorporating rate constants from the binding of activated
IL6 to the surface gp130 receptor (ν
−1 and ν2), initiating production of the differentiation
factor J. The strongest effects were for {ℓ
−1, ν−1}, the constants from the production of Aa
and its subsequent binding to the cell, and from {ν
−1, ν2}, the two rate constants governing
this binding.
3.2.5. Densities of Cell Receptors and Astrocytes—This subsection describes
studies in which the densities of astrocytes and the AHPC surface receptors were varied
simultaneously. The astrocytes produce the soluble molecules,  is utilized by the surface
receptor pathway, and  is an essential component in both pathways. The binding and
the resultant signal transduction induces the AHPC to produce the differentiation factor J.
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In the full parameter space, the cell surface receptor densities were assigned a log uniform
pdf over [1 × 10+2, 1 × 10+5]receptors/cell, a range encompassing values provided for
hematopoietic cells [58]. The astrocyte density was varied with a uniform distribution over
[1 × 10+4, 1 × 10+5]cells/cm2. The reason for the smaller distribution for Na has to do with
the consequences of lowering this parameter too much. Na is the sole producer of IL6 in this
system. If Na has a log uniform pdf of [1 × 10+2, 1 × 10+5], then, for Na in the lower range
there is not enough IL6 produced for any substantial amount of differentiation to occur.
Most parameters will appear to be insensitive, while Na will have a strong effect on the
output. For the experiments being considered in this paper, Na is a known quantity, within
the range [1 × 10+4, 1 × 10+5]cells/cm2. Hence we restricted the distribution of this
parameter in order to have an effective study of the sensitivity of the model to the other
parameters. In the more local parameter space, the densities were varied according to normal
distributions centered around their nominal values. eFAST sensitivity coefficients are
presented in Table 9.
The results show sensitivity to all three parameters. Over the large parameter space, 
appears to be the most important, which is expected since this receptor is utilized by both
pathways. Second order effects were detected for all three interactions, with { ,
} being the most influential interaction. Na is the most important parameter when
considered locally, with second order effects detected for both { , Na} and { ,
Na}, with { , Na} appearing to be the strongest of the two interactions.
3.2.6. Unknown Parameters—This subsection describes studies in which the parameters
were varied for which no value was found recorded in the literature. All other parameters
were held at their nominal values, which are within the ranges reported in the literature. In
the full parameter space, parameters were varied over a wide range relative to their nominal
values. These were sampled using either uniform or log-uniform distributions. In the more
local parameter space, these parameters were varied around their nominal values via normal
distributions. The parameters that are the most influential, and as such should be studied
biologically in more detail, are as follows: k̂
−1, ℓ̂2, ν2, ba, , and . Note that in
order to study ν2 and ℓ̂2, the intracellular mechanism leading to differentiation needs to be
examined in more detail. In particular, the intracellular mechanism producing the
differentiation factor J would need to be explored. eFAST sensitivity coefficients are
presented in Table 10.
Second order interaction effects within the large parameter space were detected for {k̂
−1,
}, {ℓ̂2, }, {ν2, }, and {ν2, }. Within the local parameter space,
interactions were detected for {ℓ̂2, }, {ν2, ba}, {ν2, }, and {ba, }. Note
that all but one of these interactions includes the density of a surface receptor required to
translate the signal, with many of these being interactions between these receptor densities
and the rate constant for the production of the differentiation factor J.
3.2.7. All Parameters—This subsection describes results of studies in which all
parameters were varied simultaneously. Each parameter can be considered as belonging to
one of the following groups: decay rates, secretion rates, dissociation constants, kinetic
rates, or receptor/cell densities. In the full parameter space, each parameter was assigned
either a uniform or log uniform pdf whose range depended on to which group it belonged. In
the more local parameter space, the parameters were varied according to normal
distributions centered around their nominal values. eFAST sensitivity coefficients are
presented in Table 11.
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When varied throughout the full parameter space, the output does not appear to be very
sensitive to the variations in the decay rates. The other groups, however, do appear to have
significant effects on the output. Many of the eFAST sensitivities are very similar, and there
is apparently much variance due to interactions among the parameters. Second order effects
were detected for thirteen interactions: {k̂
−1, k̂2}, {k̂−1, ν2}, {k̂−1, Vd}, {ℓ̂−1, ℓ̂2}, {ℓ̂−1,
}, {ℓ̂2, ν−1}, {ℓ̂2, Vd}, {ℓ̂2, μai}, {ℓ̂2, μil}, {ℓ̂2, }, {ν−1, ν2}, {ν−1, μai}, and
{a1, ba}. Note that eleven of these interactions involve rate constants for reactions resulting
in the production of the differentiation factor J. The interaction {k̂
−1, k̂2} governs the
binding of inactive IL6 to its surface receptor, while a1 and ba are the production rates for
IL6 and its soluble receptor.
When the distributions were considered more locally, the decay rates appear to be influential
on the output. The most influential parameter in this local space is μj, the decay rate of the
intracellular differentiation factor. Other important parameters in this space are ℓ̂2, Ld, ν2,
Vd, , , a1, and ba, while significant second order interactions were detected for
{ν2, a1}, {Vd, ba}, {Vd, μil}, {Vd, Na}, {ba, Na}, {μai, μil}, {μai, μj}, and {μai, }.
Many of these parameters are known. However, ℓ̂2, ν2, and μj are all involved with the
intracellular differentiation molecule, and since the model exhibits sensitivity to these
parameters, a goal of future work should be to better understand the intracellular mechanism
leading to AHPC differentiation.
4. Conclusions
In this manuscript, we explored a mechanism of selective differentiation of AHPCs into
neurons in response to astrocyte-secreted cues in an in vitro culture system. Specifically, we
examined whether an IL6-mediated signaling pathway was sufficient to explain various
results recently reported in the literature. We have shown that by choosing biologically-
reasonable values for parameters not recorded in the literature, a mathematical model
describing an IL6 mechanism is sufficient to simulate these experimental results. This model
also provides many observations and testable hypotheses for the biological mechanism.
These simulations suggest that (1) in the absence of direct contact, the secretion rates of IL6
and its soluble receptor sIL6Rα from hippocampal astrocytes are not altered through the
action of soluble paracrine factors communicating between the astrocytes and AHPCs; (2)
the surface IL6 receptor is a limiting factor in the surface receptor pathway, in that
saturating these receptors results in only 35% differentiation over a six day period; (3)
contact between astrocytes and AHPCs likely alters TUJ1 expression via mechanisms more
complex than solely inducing a decrease in the expression of mRNA for, or secretion rate of,
IL6 and its soluble receptor sIL6Rα.
Since many of the parameters in the model are presently unknown, a global sensitivity
analysis was performed to determine (1) which parameters are the most influential on
differentiation, and (2) which parameters are not influential on differentiation. The most
important result of this analysis is that the biological inhibitor of the soluble receptor
pathway, sgp130, does not significantly affect the level of differentiation occurring via this
mechanism over a six day period, when it is present at biologically reasonable levels. This is
a testable hypothesis and will be an area of future research. The sensitivity analysis also
showed that the percentage of cells that differentiate over a six day period is influenced
more by the parameters involved with the soluble receptor pathway, indicating that this
pathway should be the target of future investigation into increasing the selective
differentiation of AHPCs into neurons.
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The sensitivity analysis shows that many of the most influential parameters, causing the
highest amount of uncertainty, are recorded in the literature. However, some of the most
influential unknown parameters are involved with the production or decay of the
intracellular differentiation factor J, and as such the intracellular mechanism leading to
differentiation should be studied in more detail. It is known that a JAK-STAT pathway
involving STAT3 is utilized by the IL6 mechanism. However, it is possible that the response
is due to activation of a different signal transduction cascade initiated by IL6 binding. For
example, a RAS/MAPK signaling pathway may also be activated by stimulation of gp130
[32, 55]. STAT proteins dimerize in the cytosol, and the dimer binds to the corresponding
regions of DNA to activate transcription of the neighboring genes. If the mechanism
incorporates the reaction  and we assume that
, then κ2 corresponds to the Michaelis constant of this reaction. The value ofκ2 found numerically in this mechanism is approximately 1 nM, provided one assumes the
AHPC has a diameter of 10 μm. This observation may be helpful in future analysis of the
intracellular mechanism.
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A. System of Differential Equations for the Kinetics
The reaction kinetics of the model are given by the following system of ordinary differential
equations, and is formed through simple mass action considerations.
(16)
Np denotes the density of progenitor cells and is included in the differential equations for Ai
and Aa due to the different units used for soluble molecules and surface receptors.
B. Michaelis-Menten Kinetics for AHPC Surface Receptor Complexes
Simple logistic growth is included for the proliferation of the progenitor cells. Since the
surface receptors and intracellular molecules are measured in units nmol/cell, we must
consider how their concentrations change during proliferation. When a cell divides, it is
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assumed here that division is symmetric so that the molecules of J are divided equally
among the daughter cells. Likewise, all surface receptor complexes are divided equally
among the cells. During proliferation only the unbound receptors  and  are
synthesized, and the receptors are divided equally among the daughter cells. To see how
these concentrations are changing, note that the total nmol of Z in the system is given by [Z]
· Np, where Z is an existing surface receptor, bound surface receptor complex, or
intracellular molecule. Differentiating, we have that , which
implies
(17)
Letting  yields the proliferation dynamics
(18)
We make the following chemical identifications for notational simplicity in the following
derivation:
(19)
The chemical equations describing the reactions involving the surface receptors can be
provided by
(20)
Superimposing the kinetic equations and the proliferation dyamics yields the system for the
dynamics that involve the surface receptors:
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(21)
We first note that two conservation laws exist for this system:
(22)
This allows for a simplified system, which does not include explicit dynamics for [E1] and
[E2]. However, we would like to also derive expressions for [C1], [C2], and [C3]. The
surface receptors are assumed to act in a fashion similar to enzymes, in that they take a
substrate (Ai or Aa) and convert it into product (J). Numerical simulations suggest that the
concentrations of [C1], [C2], and [C3] quickly come to equilibrium with the other species in
the system. In accordance with the Michaelis-Menten hypothesis, we calculate the pseudo-
steady state by setting , , and , which results in the system of
equations
(23)
(24)
(25)
Adding equations (B.7) and (B.8) yields
(26)
After defining  and , this equation can be solved for [C3] in terms
of [C1], generating the relationship
(27)
This can be substituted into equation (B.8), where after identifying the Michaelis constant
 and defining , we solve for [C2] generating the relationship
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(28)
In order to solve for [C1], we substitute [C2] and [C3] into (B.9). Define the Michaelis
constant , and subsequently . After getting a common denominator and
combining like terms, we form the equation
(29)
By multiplying by the nonzero term  and rearranging we get the
quadratic
(30)
Considering this equation in the form a[C1]2 + b[C1] + c = 0, we note that there is one
nonnegative solution since a = 1 and c ≤ 0, and it is given by .
Reintroducing the original variables yields the system presented in Section 2.
C. eFAST Summarized
The method of sensitivity analysis chosen here is the extended Fourier Amplitude
Sensitivity Test (eFAST). eFAST is a variance-based technique for global sensitivity
analysis that allows one to partition the variance of an output of interest among the various
input factors. This allows one to identify both the most influential parameters and those that
are not influential on the output. eFAST was developed by Saltelli et. al. [44-47], and is an
extension of the original FAST method developed by Cukier et.al. [5, 6] and Schaibly and
Shuler [48].
The following is a brief summary of eFAST for calculating Si and STi for a specific
parameter. For a more extensive discussion of the method, see [6, 31, 44]. Assign a high
frequency to parameter xi (perhaps ωi = 100) and low frequencies {ω~i} to the
complementary set of parameters so that max{ω
~i} ≤ ωi/2M, where M is the number of
harmonics we will consider for each frequency. Generate a search curve through each
parameter’s probability distribution by the transformation xi(s) = gi (sin(ωis)) where gi is the
solution to , where pi is the pdf of xi and u = sin(ωis). This can
be accomplished by taking , where  is the inverse cumulative
distribution function (ICDF) for pi. As s evolves, each parameter oscillates within its pdf
with respect to its assigned frequency, causing corresponding oscillations in the output
f(x(s)). The variance of the output is approximated by
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Expressing the 2π-periodic function f(s) as a Fourier Series and applying Parseval’s theorem
yields , where  and .
The component of the variance due solely to xi is , provided there is no
interference between these harmonics and harmonics of another assigned frequency. Since
the harmonics rapidly converge to zero, we approximate D̂i by , where M is
typically 4 or 6. The choice of max{ω
~i} allows for interference effects between ωi and
{ω
~i} on these harmonics to be made arbitrarily small. The total effect due to the
complementary set is approximated by , which approximates the
variance caused by sole actions and interactions among all parameters except xi. The main
effect of xi is defined as Si = Di/D, and is the percentage of variance due solely to xi. The
total effect of xi is defined as STi = 1 − D~i/D and is the percentage of variance due both to
the sole action of xi and its interactions with other parameters. Finally, this procedure is
repeated NR times by introducing random phase shifts, ,
making the total number of model simulations N = NR × Ns × k, where Ns is the number of
values sampled for each parameter per search curve. Si and STi are taken to be the means of
these samples.
Following Marino et.al. [31], a dummy parameter is included in the analysis. The model is
independent of this parameter, but a small percentage of the variance is nonetheless alloted
to this parameter due to the above approximations. A two-sample t-test is used on the data
generated by the search curves to determine which parameters have sensitivity indices
significantly different from the dummy parameter.
In 2011, Xu and Gertner [60] demonstrated that second-order effects between parameters
with assigned frequencies of ωj and ωk (ωj > ωk) can be estimated with
, where . They suggest using M = 1 to
calculate the second-order sensitivity to reduce the effects of inference error, although this
does lead to an underestimate of the second-order effect. This equation can then be written
as , resulting in the second-order sensitivity
coefficient Sjk = Djk/D. This procedure can be generalized to calculate other higher-order
coefficients. In practice, we assign a large ωj to one parameter as decribed above and assign
a small unique frequency ωk (typically ωk = 2) to the other parameter. A second-order effect
is also calculated between the parameter of interest and the dummy parameter, with a two-
sample t-test used to determine if the second-order sensitivity Sjk is statistically significant.
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D. Model Parameters
The model parameters are given in Table 4. Some of these were found in the literature and
others simulated by analogy. Comments in the table distinguish these. Discussions of the
dissociation and Michaelis constants are provided in [30]. To calculate the forward and
backward reaction rate constants, we first choose a biologically reasonable value for one
constant, and then relate this value to the other constant through the dissociation/Michaelis
constant.
The carrying capacity of the plate (Nmax) can be estimated as follows: The dimensions of the
plate are 1cm × 1cm. Thinking of each cell as being a sphere with diameter 10 μm, and
assuming the AHPCs cannot be stacked on top of one another, we have that the number of
cells that can be placed side by side (so diameters form a continuous straight line across the
plate) is
Thus the total number of cells that can be placed on the plate in this fashion is
However, due to other considerations, such as the presence of other cells / ECM, neurites,
and the fact that the cells are not perfect spheres in vitro, we take Nmax to be 1 × 105cells/
cm2. Finally, when performing simulations, one must convert ℓ̂1 to units of  via
the volume of an AHPC, estimated by
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Figure 1.
Schematic of hypothesized cellular communication through an IL6 mechanism.
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Figure 2.
Simulation results for the mathematical model. Illustrated here is the percentage of cells
expressing TUJ1 over a six day period for the control experiment, noncontact co-culture
experiment, conditioned media experiment, contact co-culture on the nonpatterned substrate,
and contact co-culture on the patterned substrate.
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Figure 3.
Percentage of cells expressing TUJ1 over a six day period for the IL6 dose-response
experiments. The lowest curve represents the time course for a treatment of media
containing 10−5 ng/mL IL6 added every 48 hours. The top curve represents the time course
for a treatment of media containing 102 ng/mL IL6 added every 48 hours. Note that some
curves overlap.
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Figure 4.
Time course of the concentration of bound  receptors in the IL6 dose-response
experiments. The concentration of occupied  receptors approaches a maximal value as the
treatment approaches 102 nmol/mL. This maximal value corresponds to saturation of 
receptors.
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Table 1
Percent observed differentiation (TUJ1 expression)
Experiment AHPC cells only
(contol)
AHPC+Astrocyte in
contact (co-culture)
AHPC+Astrocyte in non
contact (co-culture)
AHPC in Astrocyte secreted
media (conditioned)
Patterned 16% 35% 75% 38%
Non patterned 17% 20% 73% 41%
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Table 2
Variables and their definitions
Species Chemical Abbreviation Concentration/Density
interleukin-6 IL6 [Ai]
soluble IL6 receptor sIL6Rα [Ril]
IL6 ligand-soluble receptor complex {IL6:sIL6Rα} [Aa]
soluble glycoprotein-130 sgp130 [Gp]
IL6, sIL6Rα, sgp130 trimeric complex {IL6:sIL6α:sgp130} [Ao]
surface IL6 receptor on AHPC IL6R
[ ]
IL6 ligand-surface receptor complex {IL6:IL6R} [As]
transmembrane glycoprotein-130 on AHPC gp130
[ ]
IL6-induced signal transduction product [J]
progenitor cell AHPC Np
TUJ1 expressing cell Nd
astrocyte Na
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Table 4
Table of Constants
Parameter Description Value Comments
Ld, ℓ−;1, ℓ1 Binding of inactivated IL6 Ai to soluble IL6 receptor Ril
Ld 30 nM [49]
ℓ
−1 5 hr−1 [18]
ℓ1 calc.
Kd, k−1, k1 Binding of active IL6 Aa to soluble gp130 receptor Gp
Kd 3 nM [49]
k
−1 5 hr−1 sim.
k1 calc.
, , k1̂ Binding of inactivated IL6 Ai to surface IL6 receptor 
100 pM [49]
500 hr−1 sim.
k̂1 calc.
, , ℓ̂1, ℓ̂2 Binding of surface complex  to surface gp130 receptor
10 pM [49]
5 hr−1 sim.
ℓ̂1 calc.
ℓ̂2 .002 hr−1 sim.
Vm, ν−1, ν1, ν2
Binding of active IL6 Aa to surface gp130 receptor Vm 60 pM [49]
ν
−1 5 hr−1 sim.
ν1 calc.
ν2 .5 hr−1 sim.
μai decay of IL6 .173 hr−1 [26]
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Parameter Description Value Comments
μil decay of sIL6Rα .173 hr−1 sim.
μaa decay of activated IL6 .173 hr−1 sim.
μgp decay of sgp130 .173 hr−1 sim.
μao decay of inhibited IL6 .173 hr−1 sim.
μj decay of differentiation factor .173 hr−1 sim.
a1 IL6 secretion rate [38]
ba sIL6Rα secretion rate sim.
sa sgp130 secretion rate sim.
density of IL6 receptors on AHPC sim.
density of gp130 receptors on AHPC sim.
M1 cell growth parameter .0213hr−1 [34]
Nmax carrying capacity calc.
ε differentiation parameter .0026hr−1
κ1 differentiation parameter 2.5hr−1
κ2 differentiation parameter
*
calc. = calculated value (Appendix D), sim. = simulation value
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Table 5
eFAST results, varying decay rates:
Parameter Uni. Dist. eFAST Norm. Dist. eFAST
dummy U(.1155,.6931) — N(.173) —
μai U(.1155,.6931) 3.81/9.08 N(.173) 16.80/19.78
μil U(.1155,.6931) 3.52/8.39 N(.173) 17.06/19.93
μaa U(.1155,.6931) 0.10/1.59 N(.173) —
μgp U(.1155,.6931) — N(.173) —
μao U(.1155,.6931) — N(.173) —
μj U(.1155,.6931) 86.22/91.92 N(.173) 61.97/64.34
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Table 6
eFAST results, varying secretion rates:
Parameter Uni. Dist. eFAST Norm. Dist. eFAST
dummy LU(1e-12,1e-9) — N(1) —
a1 LU(1e-12,1e-9) 41.16/59.90 N(1e-11) 48.81/51.83
ba LU(1e-12,1e-9) 40.07/58.79 N(2e-10) 47.55/51.12
sa LU(1e-12,1e-9) — N(1e-11) —
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Table 7
eFAST results, varying dissociation constants:
Parameter Uni. Dist. eFAST Norm. Dist. eFAST
dummy LU(1e-6,1e-1) — N(1) —
Ld LU(1e-6,1e-1) 22.00/45.64 N(30e-3) 48.05/52.57
Kd LU(1e-6,1e-1) — N(3e-3) —
LU(1e-6,1e-1) 0.89/3.27 N(100e-6) —
LU(1e-6,1e-1) 0.55/2.82 N(10e-6) —
Vd LU(1e-6,1e-1) 49.69/73.66 N(60e-6) 47.02/50.50
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Table 8
eFAST results, varying kinetic rates:
Parameter Uni. Dist. eFAST Norm. Dist. eFAST
dummy LU(1e-3,1e+3) — N(1) —
ℓ
−1 LU(1e-3,1e+3) 1.31/9.83 N(5) 0.13/—
k
−1 LU(1e-3,1e+3) — N(5) —
LU(1e-3,1e+3) 58.99/76.78 N(500) —
LU(1e-3,1e+3) —/0.66 N(5) —
ℓ̂2 LU(1e-3,1e+3) 8.93/17.43 N(.002) 58.57/62.04
ν
−1 LU(1e-3,1e+3) 2.78/14.97 N(5) 0.47/3.18
ν2 LU(1e-3,1e+3) 2.48/13.95 N(.5) 37.18/39.99
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Table 9
eFAST results, varying receptor and astrocyte densities:
Parameter Uni. Dist. eFAST Norm. Dist. eFAST
dummy U(1e+2,1e+5) — N(1) —
U(1e+2,1e+5) 21.98/38.99 N(1e+3) 19.53/21.90
U(1e+2,1e+5) 60.82/77.62 N(1e+5) 15.52/18.67
Na U(1e+4,1e+5) 1.03/5.92 N(3e+4) 61.15/64.52
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Table 10
eFAST results, varying unknown parameters:
Parameter Uni. Dist. eFAST Norm. Dist. eFAST
dummy LU(1e-3,1e+3) — N(1) —
ℓ
−1 LU(1e-3,1e+3) — N(5) —
k
−1 LU(1e-3,1e+3) — N(5) —
LU(1e-3,1e+3) 46.16/68.00 N(500) —
LU(1e-3,1e+3) 0.27/2.58 N(5) —
ℓ̂2 U(1e-3,1e+3) 11.81/25.21 N(.002) 23.16/25.71
ν
−1 LU(1e-3,1e+3) 0.10/2.61 N(5) 0.19/—
ν2 LU(1e-3,1e+3) —/3.02 N(.5) 14.02/16.36
ba LU(1e-12,1e-9) — N(2e-10) 17.53/20.12
sa LU(1e-12,1e-9) — N(1e-11) —
U(1e+2,1e+5) 13.42/34.55 N(1e+3) 23.06/26.04
U(1e+2,1e+5) 1.93/10.94 N(1e+5) 17.16/19.97
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Table 11
eFAST results, varying all parameters:
Parameter Uni. Dist. eFAST Norm. Dist. eFAST
dummy U(1,10) — N(1) —
ℓ
−1 LU(1e-3,1e+3) 0.31/5.23 N(5) —
Ld LU(1e-6,1e-1) 0.94/11.16 N(30e-3) 4.43/6.92
k
−1 LU(1e-3,1e+3) —/1.57 N(5) —
Kd LU(1e-6,1e-1) —/1.95 N(3e-3) —
LU(1e-3,1e+3) 9.75/30.99 N(500) —
LU(1e-6,1e-1) 12.30/35.25 N(100e-6) —
LU(1e-3,1e+3) 1.67/11.28 N(5) —
ℓ̂2 LU(1e-3,1e+3) 6.70/20.49 N(.002) 6.99/9.70
LU(1e-6,1e-1) 2.75/14.24 N(10e-6) —
ν
−1 LU(1e-3,1e+3) —/10.11 N(5) 0.07/—
ν2 LU(1e-3,1e+3) 0.76/9.34 N(.5) 3.90/6.48
Vd LU(1e-6,1e-1) 7.27/23.65 N(60e-6) 5.64/8.52
a1 LU(1e-12,1e-9) 1.12/9.55 N(1e-11) 4.65/6.96
ba LU(1e-12,1e-9) —/7.85 N(2e-10) 4.20/6.35
sa LU(1e-12,1e-9) —/1.55 N(1e-11) —
μai U(.1155,.6931) 0.24/2.65 N(.173) 4.12/6.16
μil U(.1155,.6931) —/2.12 N(.173) 6.15/9.05
μaa U(.1155,.6931) — N(.173) —
μgp U(.1155,.6931) — N(.173) —
μ ao U(.1155,.6931) — N(.173) —
μj U(.1155,.6931) 0.69/4.39 N(.173) 19.81/23.30
U(1e+2,1e+5) 7.91/25.02 N(1e+3) 5.60/7.89
U(1e+2,1e+5) 7.65/20.80 N(1e+5) 5.80/8.86
Na U(1e+4,1e+5) 0.78/5.37 N(3e+4) 17.57/21.32
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